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Why does inflation start at the top of the hill?

S. W. Hawking* and Thomas Hertog†

DAMTP, Centre for Mathematical Sciences, University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, United Kingd
~Received 27 August 2002; published 20 December 2002!

We show why the universe started in an unstable de Sitter state. The quantum origin of our universe implies
one must take a ‘‘top down’’ approach to the problem of initial conditions in cosmology, in which the histories
that contribute to the path integral depend on the observable being measured. Using the no boundary proposal
to specify the class of histories, we study the quantum cosmological origin of an inflationary universe in
theories such as trace anomaly driven inflation in which the effective potential has a local maximum. We find
that an expanding universe is most likely to emerge in an unstable de Sitter state, by semiclassical tunneling via
a Hawking-Moss instanton. Since the top down view is forced upon us by the quantum nature of the universe,
we argue that the approach developed here should still apply when the framework of quantum cosmology will
be based on M theory.
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I. INTRODUCTION

Structure and complexity have developed in our unive
because it is out of equilibrium. This feature shows up in
known cosmological scenarios for the early universe, wh
rely on gravitational instability to generate local inhomog
neities from an almost homogeneous and isotropic state
the universe. Inflation seems the best explanation for
homogeneous and isotropic state because whatever drive
inflation will remove the local instability and iron out irregu
larities. However, the inflationary expansion has to be g
bally unstable because otherwise it would continue fore
and galaxies would never form.

The instability can be described as the evolution of
order parameterf which can be treated as a scalar field w
effective potentialV(f). If V8/V is small,f will roll slowly
down the potential and the universe will inflate by a lar
factor. However, this raises the question: Why did the u
verse start with a high value of the potential? Why didf not
start at the global minimum ofV?

There have been various attempts to explain whyf
started high on the potential hill. In the old@1# and new@2,3#
inflationary scenarios the universe was supposed to start
infinite temperature at a singularity. As the universe e
panded and cooled, thermal corrections would make the
fective potential time dependent. So even iff started in the
minimum of V, it could still end up in a metastable fals
vacuum state~in old inflation! or at a local maximum ofV
~in new inflation!. The scalar field was then supposed
tunnel through the potential barrier or just fall off the top
the hill and slowly roll down. However, both scenario
tended to predict a more inhomogeneous universe than
observe. They were also unsatisfactory because they
sumed an initial singularity and a fairly homogeneous a
isotropic pre-inflation hot Big Bang phase. Why not just a
sume the singularity produced the standard hot Big Ba
since we do not have a measure on the space of sing
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initial conditions for the universe?
In the chaotic inflation scenario@4#, quantum fluctuations

of f are supposed to drive the volume-weighted averagf
up the potential hill, leading to everlasting eternal inflatio
However, eternal inflation can only be eternal in the futu
@5#. In the past, a semi-eternally inflating universe must s
with a singularity, so at a fundamental level the proble
remains unsolved.

The aim of this paper, however, is to show that the u
verse can come into being and start inflating without
need for an initial hot Big Bang phase or Planck curvature
is required that the potentialV has a local maximum which is
below the Planck density and sufficiently flat on top,V9/V
.24/3. This last condition means only the homogeneo
mode of the scalar field is tachyonic: the higher modes
have positive eigenvalues. It also means there is no
Coleman–De Luccia solution@6# describing quantum tunnel
ing from a false vacuum on one side of the maximum to
true vacuum on the other side. Instead there is only a ho
geneous Hawking-Moss instanton@7# that sits on the top of
the hill, at the local maximum ofV.

It has long been a problem to understand how the unive
could decay from a false vacuum in this situation. T
Hawking-Moss instanton does not interpolate between
false and true vacua, because it is constant in space and
Instead, what must happen is that the original universe
continue in the false vacuum state but that new comple
disconnected universes can form at the top of the hill
Hawking-Moss instantons. For someone in one of these n
universes, the universe in the false vacuum is irrelevant
can be ignored.

The top of the hill might seem the least likely place f
the universe to start. However, we shall show it is the m
likely place for an inflationary universe to begin, ifV9/V.
24/3. The reason is that although being at the top of the
costs potential action, the saving of gradient action from h
ing a constant scalar field is greater. Thus inflation will st
at the top of the hill. In particular, this justifies Starobinsky
scenario of trace anomaly inflation, in which the univer
starts in an unstable de Sitter state supported by the con
©2002 The American Physical Society09-1
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mal anomaly of a large number of conformally coupled m
ter fields@8#.

The usual approach to the problem of initial conditio
for inflation, is to assume some initial configuration for t
universe, and evolve it forward in time. This could be d
scribed as the bottom up approach to cosmology. It is
essentially classical picture, because it assumes there
single well defined metric for the universe. By contrast, h
we adopt a quantum approach, based on the no boun
proposal@9#, which states that the amplitude for an obse
able like the 3-metric on a spacelike hypersurfaceS is given
by a path integral over all metrics whose only boundary isS.
The quantum origin of our universe and the no bound
proposal naturally lead to a top down view of the universe
which the histories that contribute to the path integral dep
on the observable being measured.

We study the quantum cosmological origin of an expa
ing universe in theories like trace anomaly inflation by
vestigating the semiclassical predictions of the no bound
proposal for the wave function of interest. One may arg
that a clearer picture of the pre-inflationary conditions c
only emerge from a deeper understanding of quantum gra
at the Planck scale. However, the amplitude of the cos
microwave temperature anisotropies indicates that the
verse may always have been much larger than the Pla
scale. This suggests it might be possible to describe the
gin of our universe within the semiclassical regime of qua
tum cosmology. Correspondingly, the effective poten
must have a local maximum well below the Planck dens
which is the case in the trace anomaly model.

The paper is organized as follows. In Sec. II we revi
trace anomaly driven inflation, since this provides an imp
tant theoretical motivation for inflation. We study the qua
tum cosmology of the trace anomaly model and discuss
role of a special class of instanton saddle points of the
boundary path integral, which can be analytically continu
to Lorentzian universes. In Sec. III we consider perturbati
in anomaly-induced inflation and show that the instability
the inflationary phase can be described by a scalar field
an effective potential with a local maximum. We also discu
homogeneous fluctuations about the instanton backgrou
and touch briefly on the effect of quantum matter on
spectrum of microwave fluctuations predicted by anoma
induced inflation. In Sec. IV we consider a general mode
inflation with an effective potential that has a local ma
mum. We show that according to the no boundary propo
provided the instability is sufficiently weak, an expandi
universe is most likely to start at the top of the hill, in a
Sitter state. Finally, in Sec. V we present our conclusions

II. TRACE ANOMALY DRIVEN INFLATION

A. Large N cosmology

It has been argued that the theoretical foundations for
flation are weak, since it has proven difficult to realize infl
tion in classical M theory. A large class of supergravity the
ries admit no warped de Sitter compactifications on
compact, static internal space@10,11# and although some
gaugedN58 andN54 supergravities inD54 do permit de
12350
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Sitter vacua@12,13#, these vacua are too unstable for a s
nificant period of inflation to occur. However, an appeali
way to evade the no go theorems is to include higher der
tive quantum corrections to the classical supergravity eq
tions, such as the trace anomaly.

Since we observe a large number of matter fields in
universe, it is natural to consider the largeN approximation
@14#. In the largeN approximation, one performs the pa
integral over the matter fields in a given background to o
tain an effective action that is a functional of the backgrou
metric,

exp~2W@g# !5E d@f#exp~2S@f;g# !. ~2.1!

In the leading-order 1/N approximation, one can neglec
graviton loops and look for a stationary point of the effecti
action for the matter fields combined with the gravitation
action. This is equivalent to solving the Einstein equatio
with the source being the expectation value of the ma
energy-momentum tensor derived fromW,

Rmn2
1

2
Rgmn58pG^Tmn&. ~2.2!

The expectation value of the energy-momentum tenso
generally non-local and depends on the quantum state. H
ever, during inflation, particle masses are small compa
with the spacetime curvature,R@m2, and in asymptotically
free gauge theories, interactions become negligible in
same limit. Therefore, at the high curvatures during inflatio
the energy-momentum tensor of a large class of grand un
theories is to a good approximation given by the expecta
value^Tmn& of a large number of free, massless, conforma
invariant fields.1 The entire one-loop contribution to the trac
of the energy-momentum tensor then comes from the con
mal anomaly@16#, which is given for a general conforma
field theory~CFT! by the following equation:

gmn^Tmn&5cF2aG1a8¹2R, ~2.3!

whereF is the square of the Weyl tensor,G is proportional to
the Euler density and the constantsa, c anda8 are given in
terms of the field content of the CFT by

a5
1

360~4p!2
~NS111NF162NV!, ~2.4!

c5
1

120~4p!2
~NS16NF112NV!, ~2.5!

1For simplicity, it is assumed that scalar fields become conf
mally coupled at high energies, but the contribution of the inter
tion terms to^Tmn& is small at high curvature, as long as the co
plings do not become very large@15#.
9-2
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WHY DOES INFLATION START AT THE TOP OF THE HILL? PHYSICAL REVIEW D66, 123509 ~2002!
a85
1

180~4p!2
~NS16NF218NV!, ~2.6!

with NS the number of real scalar fields,NF the number of
Dirac fermions andNV the number of vector fields.2

The trace anomaly is entirely geometrical in origin a
therefore independent of the quantum state. In a maxim
symmetric spacetime, the symmetry of the vacuum imp
that the expectation value of the energy-momentum tens
proportional to the metric,

^0uTmnu0&5
1

4
gmngrs^0uTrsu0&. ~2.7!

Thus the trace anomaly acts just like a cosmological cons
for these spacetimes, and a positive trace anomaly perm
de Sitter solution to the Einstein equations.

The radius of the de Sitter solution is determined by
number of fields,N2, in the CFT and is of order;Nlpl .
Therefore the one-loop contributions to the energ
momentum tensor are;1/N2, which means they are of th
same order as the classical terms in the Einstein equat
On the other hand, the corrections due to graviton loops
;1/N3, so for largeN quantum gravitational fluctuations ar
suppressed, confirming the consistency of the largeN ap-
proximation.

For a850 in Eq. ~2.3!, the only O(3,1) invariant solu-
tions are de Sitter space and flat space, which are the in
and final stages of the simplest inflationary universe. In or
for a solution to exist that interpolates between these
stages, one must havea8,0 in Eq. ~2.3!, as Starobinsky
discovered@8#. Starobinsky showed that ifa8,0, the de
Sitter solution is unstable, and decays into a mat
dominated Friedmanm-Lemaitre-Robertson-Walker~FLRW!
universe, on a time scale determined bya8. The purpose of
Starobinsky’s work was to demonstrate that quantum effe
of matter fields might resolve the Big Bang singularity. Fro
a modern perspective, it is more interesting that the con
mal anomaly might have been the source of a finite,
significant, period of inflation in the early universe. Rap
oscillations in the expansion rate at the end of inflat
would result in particle production and~p!reheating.

Starobinsky showed that the de Sitter solution is unsta
both to the future and to the past, so it was not clear how
universe could have entered the de Sitter phase. This is
problem of initial conditions for trace anomaly driven infl
tion, which should be addressed within the framework
quantum cosmology, by combining inflation with a theo
for the wave functionC of the quantum universe. Hartle an
Hawking suggested that the amplitude for the quantum s
of the universe described by 3-metrich and matter fields
f(x) on a 3-surfaceS should be given by

2We have quoted the value fora8 predicted by AdS/CFT, which
agrees with point-splitting or zeta function regularization@17#.
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C@S,h,fS#5N(
M

E D@g#D@f~x!#e2SE(g,f), ~2.8!

where the Euclidean path integral is taken over all comp
four geometries bounded only by a 3-surfaceS, with in-
duced metrich and matter fieldsfS . M denotes a diffeomor-
phism class of 4-manifolds andN is a normalization factor.
The motivation to restrict the class of manifolds and metr
to geometries with only a single boundary is that in cosm
ogy, in contrast with scattering calculations, one is interes
in measurements in a finite region in the interior of spa
time. The ‘‘no boundary’’ proposal gives a definite ansatz
the wave functionC@S,h,fS# of the universe and in prin-
ciple removes the initial singularity in the hot Big Ban
model. At least within the semiclassical regime this yields
well-defined probability measure on the space of initial co
ditions for cosmology.

One can appeal to quantum cosmology to explain how
de Sitter phase emerges in trace anomaly inflation, since
no boundary proposal can describe the creation of an in
tionary universe from nothing. At the semiclassical level, t
process is mediated by a compact instanton saddle poin
the Euclidean path integral, which extrapolates to a r
Lorentzian universe at late times. To find the relative pro
ability of different geometries in the no boundary path in
gral, one must compute their Euclidean action. In the n
section, we consider a model of anomaly-induced inflat
consisting of gravity coupled toN54, U(N) super-Yang-
Mills theory, for which the AdS/CFT correspondence@18#
provides an attractive way to calculate the effective ma
action on backgrounds without symmetry. The fact that
are usingN54, U(N) super-Yang-Mills theory is probably
not significant since, as we shall describe, it is the la
number of fields that matters in our discussion and not
Yang-Mills coupling. Therefore, we expect our results to
valid for any matter theory that is approximately massle
during the de Sitter phase.

B. Effective matter action

We consider, in Euclidean signature, Einstein grav
coupled to aN54, U(N) super-Yang-Mills theory with
largeN,

S52
1

2kE d4xAgR2
1

kE d3xAhK1W, ~2.9!

whereW denotes the Yang-Mills effective action. The fie
content of the Yang-Mills theory isNS56N2, NF52N2 and
NV5N2, yielding an anomalous trace

gmn^Tmn&5
N2

64p2
~F2G!. ~2.10!

The one-loop result for the conformal anomaly is exa
since it is protected by supersymmetry. Therefore, inflat
supported by the trace anomaly ofN54, U(N) super-Yang-
Mills theory would never end. The presence of no
conformally invariant fields in realistic matter theories, ho
9-3
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S. W. HAWKING AND T. HERTOG PHYSICAL REVIEW D66, 123509 ~2002!
ever, necessarily alters the value ofa8 in the anomaly~2.3!.
Since the coefficient of the¹2R term plays such an impor
tant role in trace anomaly driven inflation, we ought to i
clude this correction. As a first approximation, one can
count for the non-conformally invariant fields by adding
local counterterm to the action,

Sct5
aN2

192p2E d4xAgR2. ~2.11!

This leads to an extra contribution to the conformal anom
which becomes

gmn^Tmn&5
N2

64p2
~F2G!1

aN2

16p2
¹2R. ~2.12!

For a,0, the expansion now changes from exponentia
the typical power law;t2/3 of a matter dominated universe
on a time scale;12uau logN. One can construct more sophi
ticated models of anomaly driven inflation, by taking in a
count corrections from particle masses and interactions
more precise way. One could, for instance, consider soft
persymmetry breaking during inflation. The coefficienta8
could then vary in time, because the decoupling of mass
sparticles at low energy@19# alters the number of degrees
freedom that contribute to the quantum effective action.
our purposes, however, it is sufficient to consider the the
above.

In no boundary cosmology, one is interested in solutio
that describe a Lorentzian inflationary universe that emer
from a compact instanton solution of the Euclidean fie
equations. These geometries provide saddle points of the
clidean path integral~2.8! for the wave function of interest
Because our universe is Lorentzian at late times, it has b
suggested that the relevant instanton saddle points of th
boundary path integral are so-called ‘‘real tunneling’’ geo
etries @20,21#. Cosmological real tunneling solutions a
compact Riemannian geometries joined to anO(3,1) invari-
ant Lorentzian solution of Einstein’s equations, across a
persurface of vanishing extrinsic curvatureKmn . Such in-
stanton solutions can then be used as background
perturbative evaluation of the no boundary path integral
find correlators of metric perturbations during inflatio
which in turn determine the cosmic microwave anisotropi

We now compute the effective matter actionW on such
perturbed instanton metrics. After eliminating the gauge fr
dom, the perturbed metric on the spaces of interest can
written as

ds25B2~x!gmndxmdxn5B2~x!@~11c!ĝmn1umn#dxmdxn,

~2.13!

whereĝmn is the metric on the unitS4 andumn is transverse
and traceless with respect to the four sphere.

In order to evaluate the no boundary path integral,
must first compute the quantum effective actionW@B,h# on
the background~2.13!. The effective action of the matte
fields is computed as an expansion around the homogen
12350
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background with metricgmn5B2(x)ĝmn . To second order in
the metric perturbation,W@B,h# is determined by the one
and two-point function of the energy-momentum tensor
the unperturbedO(4) invariant background. The one-poin
function is given by the conformal anomaly. Since the FLR
background is conformal to the round four sphere, the tw
point function can be calculated by a conformal transform
tion from S4. On S4, the two-point function is determined
entirely by symmetry and the trace anomaly@22#. Therefore,
since the energy-momentum tensor transforms anomalou
the two-point function on Eq.~2.13! should be fully deter-
mined by the two-point function onS4, the trace anomaly
and the scale factorB(x). For the matter theory we have i
mind, all these quantities are independent of the coupling
it follows that the effective actionW@B,h# is independent of
the coupling, to second order in the metric perturbation.

In @23# it was found how the effective action that gene
ates a conformal anomaly of the form~2.3! transforms under
a conformal transformation. We can use this result to re
W@B,h# on the perturbed FLRW space toW@r ,h# on the
perturbed four sphere with radiusr. Writing B(x)5res(x),
wherer is an arbitrary radius, the transformation is given

W@s~x!,h#5W̃@r ,h#2
N2

32p2E d4xAgFsS RmnRmn2
1

3
R2D

12¹ms¹ms¹2s12S Rmn2
1

2
gmnRD¹ms¹ns

1~¹ms¹ms!2G . ~2.14!

Here W̃ denotes the effective action on the perturbed fo
sphere of radiusr with metric gmn , and the Ricci scalarR
and covariant derivative¹m refer to the same space.

The generating functionalW̃@r ,h# was computed in
@24,22#, by using the AdS/CFT correspondence@18#,

Z@h#[E d@g#exp~2Sgrav@g# !

5E d@f#exp~2SCFT@f;h# !

[exp~2WCFT@h# !, ~2.15!

whereZ@h# is the supergravity partition function onAdS5.
The AdS/CFT calculation is performed by introducing a fi
tional ball of ~Euclidean! AdS that has the perturbed sphe
as its boundary. In the classical gravity limit, the CFT ge
erating functional can then be obtained by solving the
supergravity field equations, to find the bulk metricg that
matches onto the boundary metrich, and adding a number o
counterterms that depend on the geometry of the bound
in order to render the action finite as the boundary is mo
off to infinity. To second order in the perturbationh, the
quantum effective action~including theR2 counterterm! is
given by
9-4
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WHY DOES INFLATION START AT THE TOP OF THE HILL? PHYSICAL REVIEW D66, 123509 ~2002!
W̃5W̃(0)1W̃(1)1W̃(2)1 . . . ~2.16!

where

W̃(0)52
3bN2V4

8p2
1

3aN2V4

4p2
1

3N2V4

32p2
~4 log 221!,

~2.17!

W̃(1)5
3N2

16p2r 2E d4xAĝc, ~2.18!

W̃(2)52
3N2

64p2r 4E d4xAĝ@c~¹̂212!c2ac~¹̂414¹̂2!c#

1
N2

256p2r 4 (
p

S E d4x8Aĝumn~x8!Hmn
(p)~x8! D 2

3@C~p!24ap~p13!#,

wherep labels the eigenvalues of the Laplacian¹̂2 on the
round four sphere and

C~p!5p~p11!~p12!~p13!@c~p/215/2!1c~p/212!

2c~2!2c~1!#1p412p325p2210p26

12bp~p11!~p12!~p13!, ~2.19!

and we have allowed for a finite contribution, with coef
cient b, of the third counterterm, which is necessary to ca
cel a logarithmic divergence of the tensor perturbation.
serting the expression forW̃ in Eq. ~2.14! and evaluating the
terms depending on the scale factors(x), one obtains the
quantum effective action of the Yang-Mills theory on a ge
eral, perturbed FLRW geometry. For completeness, we
give the Einstein-Hilbert action of the perturbed four sphe

SEH52
3V4r 2

4pG
2

3

4pGE d4xAĝc

1
1

16pGr2E d4xAĝS 3

2
c¹̂2c12umnumn

2
1

4
umn¹̂2umnD . ~2.20!

We shall use these results in Sec. III, where we discuss
instability of anomaly-induced inflation. But first, we retu
to the background evolution. In the next paragraph we d
cuss a class ofO(4) invariant ‘‘real tunneling’’ instanton
solutions of the Starobinsky model~2.9! and study their role
in the no boundary path integral for the wave function of
inflationary universe.

C. Real tunneling geometries

It is easily seen that the total action is stationary under
perturbationshmn if the background is a round four sphe
with radius
12350
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N2G

4p
. ~2.21!

By slicing the four sphere at the equatorx5p/2 and writing
x5(p/2)2 i t , it analytically continues into the Lorentzian t
the de Sitter solution mentioned above, with the cosmolo
cal constant provided by the trace anomaly of the largeN
Yang-Mills theory.

Other compact, real instanton solutions of the form

ds25dt21b2~t!dV3
2 ~2.22!

were found in@22#, by numerically integrating the Einstei
equations, which can be obtained directly from the tra
anomaly by using energy-momentum conservation. Impos
regularity at the North Pole~at t50) of the instanton leaves
only the third derivative of the scale factor at the North Po
as an adjustable parameter. It is convenient to define dim
sionless variablest̃5t/r s and f ( t̃)5b(t)/r s . For a,0,
there exists a second regular, compact ‘double bubble’
stanton, withf-(0)522.05, together with a one-paramet
family of instantons with an irregular South Pole. F
f-(0),21, the scale factor of the latter has two peaks. F
21, f-(0),0 on the other hand, they are similar to th
singular Hawking-Turok instantons that have been cons
ered in the context of scalar field inflation@25#.

The Lorentzian part of the real tunneling saddle points
obtained by analytically continuing the instanton met
across a hypersurface of vanishing extrinsic curvature.
double bubble instanton can be continued across its ‘‘eq
tor’’ to give a closed FLRW universe, or into an open un
verse by a double continuation across the South Pole.
numerical studies show that the closed universe rapidly
lapses and that the open spacetime hyper-inflates, with
scale factor enlarging up at a finite time. Similarly, the s
gular instantons can be continued into an open FLRW u
verse acrosst50, by setting t5 i t and V35 if. For
f-(0),21 this again gives hyper-inflation, but for21
, f-(0),0 one obtains a realistic inflationary universe. T
four sphere solution as well as the singular instantons
are small perturbations ofS4 at the regular pole are mos
interesting for cosmology, since they yield long periods
inflation.

Using the expressions~2.14! and~2.17! for W@s(x)# and
the relations

x~t!52 lim
e→0

tan21F tan~e/2!expS E
e

t dt8

b~t8!
D G ,

~2.23!

B~t!5
b~t!

sin~x!
,

one can numerically compute the action of the real tunne
geometries@26#. On an unperturbed FLRW background, co
formal to the round four sphere, the total Euclidean act
becomes
9-5
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S. W. HAWKING AND T. HERTOG PHYSICAL REVIEW D66, 123509 ~2002!
S(0)5
3N2V3

32p2 E dx sin3xF1

3
@12~ log 21s2b!2316s82

2s8424s83cotx#2e2s~s8212!12a~s9

13s8cotx1s8222!2G ~2.24!

wheres5 log(B/r). On the round four sphere,s→0, so the
action reduces to

S(0)5
3N2V4

32p2
@8a2314~ log 22b!#. ~2.25!

We find that for alla,0 the regular double bubble in
stanton has much lower action than the four sphere.
singular double bubble instantons have divergent action,
the Hawking-Turok-type instantons have finite action.3 For
given a, the action of the latter class depends on the th
derivative of the scale factor att50. This is the analogue o
the situation in scalar field inflation, where the action of t
Hawking-Turok instantons depends on the value of the in
ton field at the North Pole. The action of the singular insta
tons tends smoothly to theS4 action ~2.25! as f-(0)→21
and it decreases monotonically with increasingf-(0).

To summarize, we found a one-parameter family of fini
action, compact solutions of the Euclidean field equatio
that can be analytically continued across a spacelike sur
S of vanishing curvature, to Lorentzian geometries that
scribe realistic inflationary universes. The condition onS
guarantees that a real solution of the Euclidean field eq
tions is continued to a real Lorentzian spacetime. The Euc
ean region is essential, since there is no way to round o
Lorentzian geometry without introducing a boundary. Wh
is the relevance then, in the context of the no boundary p
posal, of these real tunneling geometries with regard to
problem of initial conditions in cosmology?

At least at the semiclassical level, the no boundary p
posal gives a measure on the space of initial conditions
cosmology. The weight of each classical trajectory is
proximately uCu2;e22SR, whereSR is the real part of the
Euclidean action of the solution. For real tunneling solutio
this comes entirely from the part of the manifold on whi
the geometry is Riemannian. The simplicity of this situati
has led to the interpretation of the no boundary proposal
bottom up theory of initial conditions. In particular, it ha
been argued that if a given theory allows different instanto
the no boundary proposal predicts our universe to be cre
through the lowest-action solution, since this would give
dominant contribution to the path integral. Applying this i
terpretation to trace anomaly driven inflation, one must c
clude that the no boundary proposal predicts the creation

3For completeness, we should mention that ifa.0 one must have
f-(0)<21 in order for the solution to be compact. Forf-(0),
21, the instantons have a singular South Pole but finite action,
continue hyper-inflating open universes.
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hyper-inflating universe emerging from the double bub
instanton, or a nearly empty open universe that occurs
semiclassical tunneling via a singular instanton withu f-(0)u
small.

The situation is similar in many theories of scalar fie
inflation. Restricting attention to real tunneling geometries
bottom up interpretation of the no boundary proposal gen
ally favors the creation of large spacetimes. One typica
obtains a probability distribution that is peaked around
stantons in which the field at the surface of continuation
near the minimum of its potential, yielding very little infla
tion. Hence, the most probable universes are nearly em
open universes or collapsing closed universes, dependin
the analytic continuation one considers. Weak anthropic
guments have been invoked to try to rescue the situation@25#
by weighing thea priori no boundary probability with the
probability of the formation of galaxies. However, for th
most natural inflaton potentials, this still predicts a value
V0 that is far too low to be compatible with observation
Another attempt@27#, based on introducing a volume facto
that represents the projection onto the subset of states
taining a particular observer, leads to eternal inflation at
Planck density, where the theory breaks down. In fact, inv
ing conditional probabilities is contrary to the whole idea
the no boundary proposal, which by itself specifies the qu
tum state of the universe.

Clearly the predictions of a bottom up interpretation
the no boundary proposal do not agree with observation. T
is because it is an essentially classical interpretation, whic
neither relevant nor correct for cosmology. The quantum o
gin of the universe implies its quantum state is given by
path integral. Therefore, one must adopt a quantum appro
to the problem of initial conditions, in which one conside
the no boundary path integral~2.8! for a given quantum state
of the universe. We shall apply such a quantum approac
Sec. IV, to describe the origin of an inflationary universe,
theories like trace anomaly inflation. It turns out that t
relevant saddle points are not exactly real tunneling geo
etries. Instead, one must consider complex saddle point
which the geometry becomes gradually Lorentzian at l
times.

III. INSTABILITY OF ANOMALY-INDUCED INFLATION

A. Metric perturbations

Two-point functions of metric perturbations can be co
puted directly from the no boundary path integral. One p
turbatively evaluates the path integral around anO(4) in-
variant instanton background to obtain the real-sp
Euclidean correlator, which is then analytically continu
into the Lorentzian universe, where it describes the quan
fluctuations of the graviton field in the primordial de Sitt
phase@28,29#. The quantum state of the Lorentzian fluctu
tions is uniquely determined by the condition of regularity
the instanton@22#. Both scalar and tensor perturbations a
given by a path integral of the form

nd
9-6
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WHY DOES INFLATION START AT THE TOP OF THE HILL? PHYSICAL REVIEW D66, 123509 ~2002!
^hmn~x!hm8n8~x8!&;E d@h#exp~2S(2)!hmn~x!hm8n8~x8!,

~3.1!

whereS(2) denotes the second order perturbation of the
tion

S5SEH1SGH1SR21W̃, ~3.2!

with W̃ given by Eq.~2.16!. For the scalars, eliminating th
remaining gauge freedom introduces Faddeev-Popov gh

These ghosts supply a determinant (¹̂214)21, which can-
cels a similar factor in the scalar action, rendering it seco
order.4 The action for the tensorsumn , on the other hand, is
non-local and fourth order. Nevertheless, the metric per
bation and its first derivative should not be regarded as
independent variables, since this would lead to meaning
probability distributions in the Lorentzian@30#. Instead the
path integral should be taken over the fieldsumn only,5 to
compute correlators of the form~3.1!. The Euclidean action
for umn is positive definite, so the path integral over allumn

converges and determines a well-defined Euclidean quan
field theory@31#. One might worry that the higher derivative
would lead to instabilities in the Lorentzian. This is not t
case, however, since the no boundary prescription to c
pute Lorentzian propagators by Wick rotation from the E
clidean, implicitly imposes the final boundary condition th
the fields remain bounded, which eliminates the runaw
@22,30#.

The path integral~3.1! is Gaussian, so the correlatio
functions can be read off from the perturbed action, E
~2.19! and ~2.20!:

^c~x!c~x8!&5
32p2r s

4

3uauN2
~2¹̂211/2a!21, ~3.3!

and

^umn~x!um8n8~x8!&

5
128p2r s

4

N2 (
p52

` Wmnm8n8
(p)

~x,x8!

p213p161C~p!24ap~p13!
,

~3.4!

where the bitensorWmnm8n8
(p) (x,x8) is defined as the usua

sum over degenerate rank-2 harmonics on the four sp
andC(p) is given by Eq.~2.19!.

The scalar two-point function~3.3! is just the propagato
of a particle with physical massm25(2ar s

2)21. Since we

4The gauge freedom also leads to closed loops of Faddeev-P
ghosts but they can be neglected in the largeN approximation.

5This means one loses unitarity. However, probabilities for obs
vations tend towards those of the second order theory, as the
ficients of the fourth order terms in the action tend to zero. He
unitarity is restored at the low energies that now occur in the u
verse.
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are assuminga,0, we havem2,0 so this particle is a
tachyon, which is the perturbative manifestation of the S
obinsky instability. Makinga more negative makes th
tachyon mass squared less negative, and therefore wea
the instability. Indeed, the number of e-foldings in the p
mordial de Sitter phase emerging from the four sphere
stanton is given byNe f olds;12uau(logN21). Therefore, in
the interesting regime, we have2m2!mpl

2 , so semiclassica
gravity should be a good approximation.

This result sheds light on the problem of initial conditio
in trace anomaly inflation. One can think of the no
derivative term in the scalar correlator as a potentialV(c),
with the unperturbed de Sitter solution atc50 at the maxi-
mum. If uau is not too small, then the top of the potential
sufficiently flat, so that the lowest-action regular instanton
a homogeneous Hawking-Moss instanton@7#, with c con-
stant at the top. Since the instability of the de Sitter phas
characterized entirely by the coefficienta of theR2 counter-
term, this means the problem of initial conditions
anomaly-induced inflation is similar to the correspondi
problem in many theories of scalar field inflation, where o
ought to explain why the inflaton starts initially at the top
the hill. We study the origin of these inflationary universes
Sec. IV. Before doing so, however, we comment on the
mogeneous mode in the scalar spectrum, which has g
rise to some controversy in the literature.

B. Homogeneous fluctuations

The most interesting instantons in both trace anom
driven inflation as well as most theories of scalar field infl
tion possess a homogeneous fluctuation mode which
creases their action@22,32#. The presence of such a negativ
mode is the perturbative manifestation of the conformal f
tor problem. Indeed, since the conformal factor problem
closely related to the instability of gravity under gravitation
collapse, one expects instantons that are appealing fro
cosmological perspective to possess a negative mode.

Writing the scalar propagator~3.3! on the four sphere in-
stanton in momentum space gives

^c~x!c~x8!&5
32p2r s

4

3uauN2 (
p50

`
W(p)@m~x,x8!#

p~p13!1m2
, ~3.5!

where the biscalarW(p) equals the usual sum over degener
scalar harmonics on the four sphere with eigenvaluelp5
2p(p13) of the Laplacian.

There are many negative modes if21/8,a,0. This is
usually the perturbative indication of the existence of
lower-action instanton solution. For instance, in scalar fi
inflation with a double well potential, the Hawking-Mos
instanton possesses several negative modes ifV,ff /H2,
24, which is precisely the condition for the existence o
lower-action Coleman–De Luccia instanton that stradd
the maximum. On the other hand, ifa,21/8 in Eq. ~3.5!
then only the homogeneous (p50) negative mode remains
which is again similar to the well-known negative homog
neous mode of the Hawking-Moss instanton in theories w
a scalar potential that is sufficiently flat.
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S. W. HAWKING AND T. HERTOG PHYSICAL REVIEW D66, 123509 ~2002!
The presence of a physical negative mode supports
interpretation of an instanton as describing the decay o
unstable state through semiclassical tunneling@6#. On the
other hand, it has been argued that it questions its use in
no boundary path integral to define the initial quantum st
of the universe6 @32#. Within the semiclassical approxima
tion, however, it is more appropriate to project out the ne
tive mode, since the semiclassical approach is based on
assumptionthat the path integral can be expanded arou
solutions of the classical field equations.

The conclusions of@32# are based on a perturbation ca
culation around compact, real instanton backgrounds
does not take in account the wave function of interest. O
expects, however, the configuration specifying the quan
state of the Lorentzian universe to project out the nega
mode from the perturbation spectrum. Consider, for exam
the wave function of a universe described by a 3-sphere w
radius R25V0/3 and field f50 in a theory of gravity
coupled to a single scalar field with potentialV0(12f2)2. In
the semiclassical approximation, this is given by half o
Hawking-Moss instanton with the field constant at the top
the potential. Obviously, this solution has no negative mo
since the boundary condition on the 3-sphereS removes the
lowest eigenvalue solution of the Schro¨dinger equation for
the perturbations. Since the negative mode corresponds
homogeneous fluctuation, this is probably true also for la
3-spheres in the Lorentzian regime. Therefore, one exp
that in the top down approach to cosmology, where the qu
tum state of the universe is taken in account, the nega
mode is automatically projected out.

C. Quantum matter and the microwave background

Before discussing the top down approach in more de
we pause to briefly comment on some of the character
predictions for observations of trace anomaly inflation.
extract accurate predictions for the cosmic microwa
anisotropies, one must evolve the perturbations through
Starobinsky instability to obtain initial conditions for the in
homogeneities during the radiation and matter eras. De
of this calculation will be presented elsewhere@34#, but some
interesting features of the microwave temperature aniso
pies predicted by anomaly-induced inflation can be extrac
from the correlators~3.3! and~3.4! in the primordial de Sitter
era. Obviously, as can be seen from~3.4!, the quantum mat-
ter couples to the tensors. Starobinsky@35# and Vilenkin@36#
assumed that the amplitude of primordial gravity waves w
not significantly altered by the quantum matter loops. T
assumption can now be examined using AdS/CFT, which
allowed us to include the effect of the Weyl~see footnote 2!

6In scalar field inflation, one can view the singular Hawkin
Turok instantons as constrained instantons, with additional d
specified on an internal boundary. For some theories, the const
introduced in@33# to resolve the singularity also removes the neg
tive mode, at least perturbatively@32#. However, it does not remove
the instability non-perturbatively and for the most obvious pot
tials, the lowest-action constrained instanton gives very little in
tion.
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counterterm and the non-local part of the matter effect
action. We find that at small scales, matter fields domin
the tensor propagator and make it decay likep4log p. In
other words, the CFT appears to give spacetime a rigidity
small scales, an example of how quantum loops of ma
can change gravity at short distances. In fact, this supp
sion should occur even if inflation is not driven by the tra
anomaly since we observe a large number of matter fie
whose effective action is expected to dominate the propa
tor on small scales.

Secondly, both the higher derivative counterterms and
matter fields introduce anisotropic stress, which is an imp
tant difference with scalar field inflation. This can be se
from decomposing the tensorsumn into a scalarf and tensor
t i j underO(4). Theformer is the difference between the tw
potentials in the Newtonian gauge and corresponds to an
tropic stress. Typically reheating at the end of anoma
induced inflation leads to the creation of particles that are
in thermal equilibrium with the photon-baryon fluid, so on
expects some anisotropic stress to survive during the ra
tion era. To make more precise predictions, however, a be
understanding is required of the~probably time-dependent!
values of the coefficientsa and b of the higher derivative
counterterms in the theory.

Finally, we should mention that for the tensor propaga
the higher derivative terms also give rise to poles in
complex p plane. These are harmless, however, since
contour obtained from the Euclidean goes around the c
plex poles@22#. In other words, defining our theory in th
Euclidean implicitly removes the instabilities associated w
the complex poles, like a final boundary condition remov
the runaway solution of the classical radiation reaction fo
@30#.

IV. ORIGIN OF INFLATION

We have seen that the predictions of the bottom up
proach to the problem of initial conditions in inflation do n
agree with observation. This is because it is based on
essentially classical picture, in which one assumes some
tial condition for the universe and evolves it forward in tim
The quantum origin of our universe, however, means tha
wave function is determined by a path integral, in which o
sums over all possible histories that lead to a given quan
state, together with some suitable boundary conditions on
paths. This naturally leads to a top down view of the u
verse. In a top down context, rather than comparing the r
tive probabilities of different semiclassical geometries, o
looks for the most probable evolution that leads to a cert
outcome.

We now apply the quantum top down interpretation of t
no boundary proposal to study the origin of an inflationa
universe, in theories where the instability of the inflationa
phase can be described in terms of a single scalar field
an effective potential that has a local maximum. As shown
Sec. III, this includes trace anomaly driven inflation, sin
the emergence of an anomaly driven inflationary univers
very similar to the creation of an exponentially expandi
universe in theories of new inflation.
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WHY DOES INFLATION START AT THE TOP OF THE HILL? PHYSICAL REVIEW D66, 123509 ~2002!
We consider a model consisting of gravity coupled to
single scalar field with a double well potentialV(f)5A@1
2(C/2)f2#2 ~with A,C.0). ForC,2/3, the potential has a
maximum atf50 with V,ff /V sufficiently low so that there
exists no Coleman–De Luccia instanton, but only
Hawking-Moss instanton withf50 everywhere on top o
the hill. Implementing a top down approach, we consider
quantum amplitudesF@S,h̃,K,fS# for different conformal
3-geometriesh̃ with traceK of the second fundamental form
on an expanding surfaceS during inflation,7 According to
the no boundary proposal, the defining path integral sho
be taken over all compact Riemannian geometries that
duce the prescribed configuration onS.

In the K representation, the Euclidean action is given

S52
1

2kE d4xAgR2
1

3kE d3xAhK

1E d4xAgS 1

2
gmn]mf]nf1V~f! D , ~4.1!

The usual wave functionC@h,fS# is obtained from
F@ h̃,K,fS# by an inverse Laplace transform,

C@h,fS#5E
G
dF K

4ikGexpF 2

3kE d3xAhKGF@ h̃,K,fS#

~4.2!

where the contourG runs from2 i` to 1 i`.
Within the semiclassical approximation, the no bound

wave function is approximately given by the saddle po
contributions. Restricting attention to saddle-points that
invariant under the action of anO(4) isometry group, the
instanton metric can be written as
on
te

c
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ds25dt21b2~t!dV3
2 , ~4.3!

and the Euclidean field equations read

f952Kf81V,f ~4.4!

K81K252~f ,t
2 1V! ~4.5!

wheref85f ,t andK53b,t /b. The Lorentzian traceKL5

23ȧ/a is obtained by analytic continuation. We first calc
late the wave function for realK, and then analytically con-
tinue to imaginary, or Lorentzian,KL52 iK .

At the semiclassical level, there are two contributions
the given amplitude. For smallfS and any EuclideanK,
there always exists a non-singular, EuclideanO(4) invariant
solution of the field equations, with the prescribed bound
conditions. This solution is part of a deformed sphere,
Hawking-Turok instanton. In the approximationK
53H cot(Ht), with H25A/3, andV(f);A(12Cf2), the
solution of Eq.~4.4! is given by

f5fS
2F1@3/21q,3/22q,2,z~K !#

2F1@3/21q,3/22q,2,z~KS!#
~4.6!

where

q5A9/416C, z~K !5
1

2 F12
K

~A21K2!1/2G . ~4.7!

At the South PoleK→1`, so in the instanton the scala
field slowly rolls up the hill from its value at the regula
South Pole to the prescribed valuefS on the 3-sphere with
traceKS . The weight of the Hawking-Turok geometry in th
no boundary path integral for the wave functionF@K,fS# is
approximately given by
S@KS ,fS#52
1

3kE d3xAhK2E d4xAgV~f!52
12p2

A F12
K

~A21K2!1/2G2
24p2C

A2~12C!
fS

2 z2~KS!

3F122z~KS!13C@12z~KS!#S z~KS!1
223C

113CDF8

F
[ ~z(KS)#G . ~4.8!
e-
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For smallfS there is a second semiclassical contributi
to the wave function, coming from universes that are crea
via an O(5) symmetric Hawking-Moss instanton withf
constant at the top of the hill, but in which a quantum flu
tuation disturbs the field, causing it to run down to its p

7In principle we should consider the amplitude for a conform
3-geometry on a surfaceS just inside our past light cone, withK
equal to the present Hubble rate and given values for all o
observables. However, it is sufficient to consider the quantum
plitude for a configuration on an expanding surface in the inflati
ary period, since this can then be accurately evolved to the fu
using classical laws.
d

-
-

scribed valuefS at the 3-sphere boundary with traceKS .
Neglecting prefactors, the action of the Hawking-Moss g
ometry is given by the first term in Eq.~4.8!. It follows that
for KS50, the action of the Hawking-Turok geometry
more negative than the action of the Hawking-Moss inst
ton. This would seem to suggest that the universe is le
likely to start at the top of the hill. However, we are n
interested in the amplitude for a Euclidean spacetime, bu
the no boundary wave function of a Lorentzian expand
universe.

Within the regime in whichf remains small over the
whole geometry, one can derive the amplitude in the Lore
zian from our result forS@KS ,fS#, by analytic continuation
into the complexK plane. In a Lorentzian universe, Euclid
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S. W. HAWKING AND T. HERTOG PHYSICAL REVIEW D66, 123509 ~2002!
eanK is pure imaginary,KL52 iK . Since the action is in-
variant under diffeomorphically related contours in the co
plex t plane, we may deform the contour into one wi
straight sections, along the real and imaginaryK axis. It fol-
lows immediately from Eq.~4.8! that the real part of the
action for the Hawking-Moss instanton is constant on
imaginaryK axis, unlike the action for the Hawking-Turo
geometry. According to the no boundary proposal, the re
tive probability of both geometries is given by

P@KL ,fS#5
AHM

2

AHT
2

e22R[DS] ~4.9!

where DS5SHM2SHT . The prefactors account for sma
fluctuations around the classical solutions and can be
glected for smallf.

In Fig. 1 we plotR@dS(kl)#, which is proportional to the
real part of the differenceDS between the action of both
geometries, as a function of Lorentziankl5KL /AA22KL

2,
with A51 andC51/3. This shows that the real part of th
action for the Hawking-Turok geometry increases on
imaginary axis away fromK50 and soon becomes large
than theO(5) action. In addition, within our approximatio
fS enters only in the prefactor ofDS. Therefore, the domi-
nant contribution to the no boundary path integral for
Lorentzian inflating universe comes from spacetimes wh
are created by semiclassical tunneling via a Hawking-M
instanton and which inflate for a long time before a quant
fluctuation causes the field to roll down to its final valuefS .
This means that in an inflationary universe, the scalar fiel
more likely to start at the top of the hill and roll down than
start lower down. The reason is that although being at the
of the hill costs potential energy, it saves gradient energy
having a scalar field that is constant in space and time. If
maximum of the potential is fairly flat, the gradient energy
dominant, and the universe starts with a constant scalar a
top of the hill. Therefore, one does not need an initial hot B
Bang phase to explain why inflation began at a local ma
mum of the potential.

As mentioned above, this scenario is realized in tra
anomaly driven inflation. The unperturbed de Sitter solut
~2.21! in anomaly-induced inflation emerges from th
Hawking-Moss geometry, while the inhomogeneo

FIG. 1. R@dS# is proportional to the differenceDS between the
action of the Hawking-Moss- and Hawking-Turok-type geometr
discussed in the text. The no boundary proposal predicts an exp
ing universe to be created in an unstable de Sitter state, by s
classical tunneling via a Hawking-Moss instanton.
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Hawking-Turok evolution corresponds to one of the singu
instantons discussed in Sec. II. The field configuration onS
determines the third derivative of the scale factor at the re
lar South Pole, or equivalently the initial value of the ord
parameterf governing the instability. Fora,21/8, the in-
stability of the de Sitter phase is sufficiently weak, so that
universe is most likely to start at the top, in an unstable
Sitter state. This result also justifies our calculation of me
perturbations, which were based on a perturbative expan
of the path integral about the round four sphere.

Finally, we should mention that because we are interes
in real matter fields onS, the analytic continuation into the
complexK plane meansf must be complex in the bulk o
the instanton.8 More precisely, at the South Pole, we mu
have I@f#5fSI@F(zS)#/R@F(zS)#. This has no physica
meaning though, since the stationary phase approximatio
just a mathematical construction to evaluate the path inte
over realf.

V. DISCUSSION

We have studied the problem of initial conditions in co
mology. Because our universe has a quantum origin one m
adopt a top down approach, in which one considers the p
integral over a class of histories that lead to a given quan
state of the universe. A top down view is naturally impl
mented in the context of the no boundary proposal, wh
states that the amplitude for the quantum state of the
verse on a 3-surfaceS is given by a path integral over a
geometries that induce the prescribed configuration on t
only boundaryS. We have investigated the no bounda
predictions for the quantum cosmological origin of a lar
class of inflationary universes. In particular, we have cons
ered theories of inflation where the global instability can
described in terms of a single scalar fieldf with an effective
potential that has a sufficiently flat local maximum. This i
cludes Starobinsky’s trace anomaly model since the natur
the initial instability in anomaly-induced inflation is the sam
as the instability that occurs in new inflation. Trace anom
driven inflation has a sound motivation in fundamental p
ticle physics, since we observe a large number of ma
fields in the universe, which may be expected to behave
a CFT in the early universe. The no boundary proposal p
dicts an inflationary universe to be created in an unstable
Sitter state, by semiclassical tunneling via a Hawking-Mo
instanton. The universe first inflates before a quantum fl
tuation causes the field to roll down and inflation to en
Provided24,V,ff /H2,0, the maximum of the potentia
is sufficiently flat, so that this geometry has lower action th

8Complex instanton solutions have previously been considere
@37#. Physical constraints on complex contours of 4-geometrie
the no boundary path integral were discussed in@21#. In this con-
text, we should mention that in the absence of an extension
Bishop’s theorem to complex geometries it is not entirely cle
whether theO(4) invariant geometries considered here are in f
the lowest-action saddle points that contribute to the wave func
of interest.
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an inhomogeneous Hawking-Turok-type evolution.
One could think of the no boundary proposal as desc

ing the creation of universes with different radii, like th
formation of bubbles of steam. If the bubbles are small, th
collapse again, but there is a critical size above which t
are more likely to grow. In theories where the amplitude
an expanding universe is dominated by geometries that
in a de Sitter state, this naturally leads to the interpretatio
the round Hawking-Moss instanton on top of the hill as c
responding to that critical size.

Correlators of observables on a spacelike hypersurfacS
should be computed directly from the no boundary path
tegral, by summing over histories to the past of that surfa
In the semiclassical approximation, the dominant instan
saddle-point solution should be used as background in a
turbative evaluation of the no boundary path integral, to fi
correlators of metric perturbations during inflation. The
fore, our result justifies the perturbation calculations p
formed in Sec. III and in@22#, in which we computed Eu-
clidean propagators assuming a four sphere instan
background. Evolving the spectrum of primordial perturb
tions through the Starobinsky instability determines the c
mic microwave anisotropies. Hence the boundary condit
on the fluctuation modes imposed by the instanton ba
ground may provide an observational discriminant betw
different saddle points, hereby connecting quantum cosm
ogy and the top down approach to falsifiable predictions
observation@38#.
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We have argued that because our universe has a qua
origin, one must adopt a top down approach to the prob
of initial conditions in cosmology, in which the histories th
contribute to the path integral depend on the observable
ing measured. There is an amplitude for empty flat space,
it is not of much significance. Similarly, the other bubbles
an eternally inflating spacetime are irrelevant. They are to
future of our past light cone, so they do not contribute to
action for observables and should be excised by Ockha
razor. Therefore, the top down approach is a mathema
formulation of the weak anthropic principle. Instead of sta
ing with a universe and asking what a typical observer wo
see, one specifies the amplitude of interest. In the contex
the no boundary proposal, however, a top down descrip
of the universe is not necessarily less ‘‘complete’’ or le
predictive. We believe that if we are to explain why the un
verse is the way we observe it to be, a top down view
forced upon us by the quantum nature of the universe. Th
fore, although future developments in M theory will provid
us with new insights in how a theory of boundary conditio
in cosmology should be formulated, the approach develo
here should still apply when the framework of quantum c
mology will be based on M-Theory.
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