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Why does inflation start at the top of the hill?
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We show why the universe started in an unstable de Sitter state. The quantum origin of our universe implies
one must take a “top down” approach to the problem of initial conditions in cosmology, in which the histories
that contribute to the path integral depend on the observable being measured. Using the no boundary proposal
to specify the class of histories, we study the quantum cosmological origin of an inflationary universe in
theories such as trace anomaly driven inflation in which the effective potential has a local maximum. We find
that an expanding universe is most likely to emerge in an unstable de Sitter state, by semiclassical tunneling via
a Hawking-Moss instanton. Since the top down view is forced upon us by the quantum nature of the universe,
we argue that the approach developed here should still apply when the framework of quantum cosmology will
be based on M theory.
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I. INTRODUCTION initial conditions for the universe?
In the chaotic inflation scenari@], quantum fluctuations
Structure and complexity have developed in our universef ¢ are supposed to drive the volume-weighted average
because it is out of equilibrium. This feature shows up in allup the potential hill, leading to everlasting eternal inflation.
known cosmological scenarios for the early universe, whiclHowever, eternal inflation can only be eternal in the future
rely on gravitational instability to generate local inhomoge-[5]. In the past, a semi-eternally inflating universe must start

neities.from an aImpst homogeneous and isotropic state fQK/ith a singularity, so at a fundamental level the problem
the universe. Inflation seems the best explanation for thigemains unsolved.

homogeneous and isotropic state because whatever drives theThe aim of this paper, however, is to show that the uni-

inflation will remove the local instability and iron out irregu- \,arse can come into being and start inflating without the

larities. However, the inflationary expansion has to be gloy,aeq for an initial hot Big Bang phase or Planck curvature. It
bally unstable because otherwise it would continue foreve

and galaxies would never form s required that the potentig has a local maximum which is
The instability can be described as the evolution of a pelow the Planck density and suifficiently flat on /v

order parametegp which can be treated as a scalar field with —4/3. This last co.ndm.on means_qnly th? homogeneous
effective potential/(¢). If V'/V is small,é will roll slowly mode of the scalar field is tachyonic: the higher modes all

down the potential and the universe will inflate by a Iarge?za\lle posngeLelge_:nvalllvle_s.rsltdalso_br_neans there is n?t a
factor. However, this raises the question: Why did the uni-; oleman-De Luccia solutidi§] describing quantum tunnel-

verse start with a high value of the potential? Why dichot "9 from a false vacuum on one side of the maximum to the
start at the global minimum of? true vacuum on the other side. Instead there is only a homo-

There have been various attempts to explain why 9eneous Hawking—Moss_instant@?ﬂ that sits on the top of
started high on the potential hill. In the didl] and new[2,3]  the hill, at the local maximum o¥.
inflationary scenarios the universe was supposed to start with It has long been a problem to understand how the universe
infinite temperature at a singularity. As the universe ex-could decay from a false vacuum in this situation. The
panded and cooled, thermal corrections would make the efHawking-Moss instanton does not interpolate between the
fective potential time dependent. So evempifstarted in the false and true vacua, because it is constant in space and time.
minimum of V, it could still end up in a metastable false Instead, what must happen is that the original universe can
vacuum statdin old inflation) or at a local maximum oV  continue in the false vacuum state but that new completely
(in new inflation. The scalar field was then supposed todisconnected universes can form at the top of the hill via
tunnel through the potential barrier or just fall off the top of Hawking-Moss instantons. For someone in one of these new
the hill and slowly roll down. However, both scenarios universes, the universe in the false vacuum is irrelevant and
tended to predict a more inhomogeneous universe than wean be ignored.
observe. They were also unsatisfactory because they as- The top of the hill might seem the least likely place for
sumed an initial singularity and a fairly homogeneous andhe universe to start. However, we shall show it is the most
isotropic pre-inflation hot Big Bang phase. Why not just as-likely place for an inflationary universe to begin,\if'/V>
sume the singularity produced the standard hot Big Bangs;-4/3. The reason is that although being at the top of the hill
since we do not have a measure on the space of singulabsts potential action, the saving of gradient action from hav-
ing a constant scalar field is greater. Thus inflation will start
at the top of the hill. In particular, this justifies Starobinsky’s
*Email address: S.W.Hawking@damtp.cam.ac.uk scenario of trace anomaly inflation, in which the universe
"Email address: T.Hertog@damtp.cam.ac.uk starts in an unstable de Sitter state supported by the confor-
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mal anomaly of a large number of conformally coupled mat-Sitter vacug 12,13, these vacua are too unstable for a sig-

ter fields[8]. nificant period of inflation to occur. However, an appealing
The usual approach to the problem of initial conditionsway to evade the no go theorems is to include higher deriva-

for inflation, is to assume some initial configuration for thetive quantum corrections to the classical supergravity equa-

universe, and evolve it forward in time. This could be de-tions, such as the trace anomaly.

scribed as the bottom up approach to cosmology. It is an Since we observe a large number of matter fields in the

essentially classical picture, because it assumes there isuaiverse, it is natural to consider the lafyeapproximation

single well defined metric for the universe. By contrast, herd 14]. In the largeN approximation, one performs the path

we adopt a quantum approach, based on the no boundamtegral over the matter fields in a given background to ob-

proposal[9], which states that the amplitude for an observ-tain an effective action that is a functional of the background

able like the 3-metric on a spacelike hypersurfaci given  metric,

by a path integral over all metrics whose only boundary is

The quantum origin of our universe and the no boundary _ :f _ .

proposal naturally lead to a top down view of the universe, in exp—WigD) di¢Jexp(—SLbial). @D

which the histories that contribute to the path integral depend

on the observable being measured. In the leading-order N approximation, one can neglect
We study the quantum cosmological origin of an expand-graviton loops and look for a stationary point of the effective

ing universe in theories like trace anomaly inflation by in- action for the matter fields combined with the gravitational

vestigating the semiclassical predictions of the no boundaryction. This is equivalent to solving the Einstein equations

proposal for the wave function of interest. One may arguenith the source being the expectation value of the matter

that a clearer picture of the pre-inflationary conditions carenergy-momentum tensor derived fram

only emerge from a deeper understanding of quantum gravity

at the Planck scale. However, the amplitude of the cosmic 1

microwave temperature anisotropies indicates that the uni- R~ ERglwzsq-rc;(T

verse may always have been much larger than the Planck

scale. This suggests it might be possible to describe the ori-

gin of our universe within the semiclassical regime of quan-The expectation value of the energy-momentum tensor is

tum cosmology. Correspondingly, the effective potentialgenerally non-local and depends on the quantum state. How-

must have a local maximum well below the Planck densitygVer, during inflation, particle masses are small compared

which is the case in the trace anomaly model. with the spacetime curvatur®>m?, and in asymptotically
The paper is organized as follows. In Sec. Il we reviewfree gauge theories, interactions become negligible in the

trace anomaly driven inflation, since this provides an impor-same limit. Therefore, at the high curvatures during inflation,

tant theoretical motivation for inflation. We study the quan-the energy-momentum tensor of a large class of grand unified

tum cosmology of the trace anomaly model and discuss théheories is to a good approximation given by the expectation

role of a special class of instanton saddle points of the nvalue(T ,,) of a large number of free, massless, conformally

boundary path integral, which can be analytically continuednvariant fields' The entire one-loop contribution to the trace

to Lorentzian universes. In Sec. Il we consider perturbation®f the energy-momentum tensor then comes from the confor-

in anomaly-induced inflation and show that the instability of mal anomaly[16], which is given for a general conformal

the inflationary phase can be described by a scalar field witfield theory(CFT) by the following equation:

an effective potential with a local maximum. We also discuss

homogeneous fluctuations about the instanton backgrounds g“”(TM>=cF—aG+ a' V2R, (2.3

and touch briefly on the effect of quantum matter on the

spectrum of microwave fluctuations predicted by anomaly-whereF is the square of the Wey! tens@,is proportional to

induced inflation. In Sec. IV we consider a general model Ofthe Euler density and the constaats ¢ anda’ are given in
inflation with an effective potential that has a local maxi-Eerms of the field content of the CFT by

mum. We show that according to the no boundary proposal,

provided the instability is sufficiently weak, an expanding

universe is most likely to start at the top of the hill, in a de B

Sitter state. Finally, in Sec. V we present our conclusions. a= 36(1477)2(NS+ LINg+62Ny), 24

(2.2

)

Il. TRACE ANOMALY DRIVEN INFLATION

A. Large N cosmology (Ns+6Ng+12Ny), (2.9

C: S ——
120(4)?
It has been argued that the theoretical foundations for in-

flation are weak, since it has proven difficult to realize infla-

tion in classical M theory. A large class of supergravity theo- for simplicity, it is assumed that scalar fields become confor-

ries admit no warped de Sitter compactifications on amally coupled at high energies, but the contribution of the interac-

compact, static internal spad¢é0,1] and although some tion terms to(T,,) is small at high curvature, as long as the cou-

gaugedN =28 andN=4 supergravities ifD =4 do permit de plings do not become very largé5s].
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, 1 - ~S(0.9)
o :W(NS"_GNF_J-SNV)’ (26) \I’[E,h,(ﬁz] N% jD[g]D[¢(x)]e 9 ’ (28)

where the Euclidean path integral is taken over all compact
with Ng the number of real scalar fieldsl: the number of ~four geometries bounded only by a 3-surfate with in-
Dirac fermions and\y, the number of vector fields. duced metrid and matter fieldgps . M denotes a diffeomor-
The trace anomaly is entirely geometrical in origin andPhism class of 4-manifolds arld is a normalization factor.
therefore independent of the quantum state. In a max|ma||9-he motivation to restrict the class of manifolds and metrics
symmetric spacetime, the symmetry of the vacuum implied0 geometries with only a single boundary is that in cosmol-

that the expectation value of the energy-momentum tensor {89y, in contrast with scattering calculations, one is interested
proportional to the metric, in measurements in a finite region in the interior of space-

time. The “no boundary” proposal gives a definite ansatz for
the wave functionW[,h, ¢y ] of the universe and in prin-
(O[T, ,|0)= Eg g”(0[T,,|0) 2.7 ciple removes the initial singularity in the hot Big Bang
wy 47wy pol=/e ' model. At least within the semiclassical regime this yields a
well-defined probability measure on the space of initial con-
ditions for cosmology.
Thus the trace anomaly acts just like a cosmological constant One can appeal to quantum cosmology to explain how the
for these spacetimes, and a positive trace anomaly permitsde Sitter phase emerges in trace anomaly inflation, since the

de Sitter solution to the Einstein equations. no boundary proposal can describe the creation of an infla-
The radius of thf de Sitter solution is determined by thetionary universe from nothing. At the semiclassical level, this
number of fieldsN<, in the CFT and is of order~Nl, ;.  process is mediated by a compact instanton saddle point of

Therefore the one-loop contributions to the energy-the Euclidean path integral, which extrapolates to a real
momentum tensor are- 1/N?, which means they are of the Lorentzian universe at late times. To find the relative prob-
same order as the classical terms in the Einstein equationgpility of different geometries in the no boundary path inte-
On the other hand, the corrections due to graviton loops argral, one must compute their Euclidean action. In the next
~1/N?, so for largeN quantum gravitational fluctuations are section, we consider a model of anomaly-induced inflation
suppressed, confirming the consistency of the la¥gep-  consisting of gravity coupled tav=4, U(N) super-Yang-
proximation. Mills theory, for which the AdS/CFT correspondenfs]

For a’=0 in Eq. (2.3), the onlyO(3,1) invariant solu- provides an attractive way to calculate the effective matter
tions are de Sitter space and flat space, which are the initidction on backgrounds without symmetry. The fact that we
and final stages of the simplest inflationary universe. In ordegre using\’/=4, U(N) super-Yang-Mills theory is probably
for a solution to exist that interpolates between these twaot significant since, as we shall describe, it is the large
stages, one must hawe’ <0 in Eg. (2.3), as Starobinsky number of fields that matters in our discussion and not the
discovered[8]. Starobinsky showed that &' <0, the de Yang-Mills coupling. Therefore, we expect our results to be
Sitter solution is unstable, and decays into a mattervalid for any matter theory that is approximately massless
dominated Friedmanm-Lemaitre-Robertson-WalkeltRW)  during the de Sitter phase.
universe, on a time scale determineddy The purpose of
Starobinsky’s work was to demonstrate that quantum effects B. Effective matter action
of matter fields might resolve the Big Bang singularity. From ) ) ) ) ) ) )

a modern perspective, it is more interesting that the confor- e consider, in Euclidean signature, Einstein gravity
mal anomaly might have been the source of a finite, bufoupled to aN=4, U(N) super-Yang-Mills theory with
significant, period of inflation in the early universe. Rapid l2rgeN,

oscillations in the expansion rate at the end of inflation 1 1

would result in particle production ang)reheating. S=— _f d*x\gR— _f d3xVhK+W, (2.9

Starobinsky showed that the de Sitter solution is unstable 2k K
both to the future and to the past, so it was not clear how the . . . .
universe could have entered the de Sitter phase. This is tghere W denotes the Yang-Mllls_effectN(; action. T2he field
problem of initial conditions for trace anomaly driven infla- contenzt of_the_ Yang-Mills theory iBls=6N", N¢=2N"and
tion, which should be addressed within the framework of Vv=N® Yielding an anomalous trace
guantum cosmology, by combining inflation with a theory 5
for the wave functionV' of the quantum universe. Hartle and ge(T ) = N_(F_ G). (2.10
Hawking suggested that the amplitude for the quantum state B 642
of the universe described by 3-metiicand matter fields
é(x) on a 3-surfac& should be given by The one-loop result for the conformal anomaly is exact,

since it is protected by supersymmetry. Therefore, inflation

supported by the trace anomaly.®t 4, U(N) super-Yang-
“We have quoted the value far' predicted by AdS/CFT, which Mills theory would never end. The presence of non-
agrees with point-splitting or zeta function regularizatjai]. conformally invariant fields in realistic matter theories, how-
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ever, necessarily alters the valueaf in the anomaly2.3).  packground with metrig,,, = B2(x) S/W. To second order in
Since the coefficient of th&°R term plays such an impor-  the metric perturbationlW[ B,h] is determined by the one-
tant role in trace anomaly driven inflation, we ought to in- and two-point function of the energy-momentum tensor on
clude this correction. As a first approximation, one can acthe unperturbed(4) invariant background. The one-point
count for the non-conformally invariant fields by adding afunction is given by the conformal anomaly. Since the FLRW

local counterterm to the action, background is conformal to the round four sphere, the two-
point function can be calculated by a conformal transforma-
_ aN? i JgR? tion from S*. On S*, the two-point function is determined
Set= 192772f d*xVgR". (21D entirely by symmetry and the trace anomE2@]. Therefore,

since the energy-momentum tensor transforms anomalously,
This leads to an extra contribution to the conformal anomalyth€ two-point function on Eq(2.13 should be fully deter-

which becomes mined by the two-point function 08*, the trace anomaly
and the scale factdd(y). For the matter theory we have in
N2 N2 mind, all these quantities are independent of the coupling, so
9”V<Tuv>:_2(F_G)+ ZVZR_ (2.12 it follows that the effective actiolV[ B,h] is independent of
64m 1 the coupling, to second order in the metric perturbation.

In [23] it was found how the effective action that gener-
For a<0, the expansion now changes from exponential toates a conformal anomaly of the for®.3) transforms under
the typical power law~t?? of a matter dominated universe, a conformal transformation. We can use this result to relate
on a time scale- 12 «|logN. One can construct more sophis- W[B,h] on the perturbed FLRW space W/[r,h] on the
ticated models of anomaly driven inflation, by taking in ac- perturbed four sphere with radius Writing B(y)=re”X),

count corr_ections from particle masses and inter_actions iN §herer is an arbitrary radius, the transformation is given by
more precise way. One could, for instance, consider soft su-

persymmetry breaking during inflation. The coefficient N2 1
could then vary in time, because the decoupling of massivw[g(x),h]:\"/'\/[r,h]_ f d4x\/; o| R“R,,— _RZ)
sparticles at low energyl 9] alters the number of degrees of 3272 3
freedom that contribute to the quantum effective action. For 1
our purposes, however, it is sufficient to consider the theory +2V,0VkaV20+2| R4 — EYMVR)V#UVVU
above.

In no boundary cosmology, one is interested in solutions
that describe a Lorentzian inflationary universe that emerges +(VM0-VMO-)2 ) (2.149
from a compact instanton solution of the Euclidean field

equations. These geometries provide saddle points of the Eu-

clidean path integral2.8) for the wave function of interest. Here W denotes the effective action on the perturbed four
Because our universe is Lorentzian at late times, it has beegphere of radius with metric y,,, and the Ricci scalaR
suggested that the relevant instanton saddle points of the rsnd covariant derivativ¥, refer to the same space.
boundary path integral are so-called “real tunneling” geom-  The generating functional[r,h] was computed in

etries [20,21]. Cosmological real tunneling solutions are [24,27, by using the AdS/CFT corresponder{ds],
compact Riemannian geometries joined toGx8,1) invari-

ant Lorentzian solution of Einstein’s equations, across a hy-
persurface of vanishing extrinsic curvatukg,,. Such in- Z[h]zf dlglexp( — Syran[9])
stanton solutions can then be used as background in a

perturbative evaluation of the no boundary path integral, to
find correlators of metric perturbations during inflation, =f dl ¢lexp —Scrrl ¢:h])
which in turn determine the cosmic microwave anisotropies.
We now compute the effective matter actigvion such =exp(—Wceql h]), (2.195

perturbed instanton metrics. After eliminating the gauge free-
dom, the perturbed metric on the spaces of interest can bgherez[h] is the supergravity partition function oidS;.
written as The AJS/CFT calculation is performed by introducing a fic-
tional ball of (Euclidean AdS that has the perturbed sphere
ds?=B2(x)y,,dx*dx"=B2(x)[(1+ ) y,,+ 0,,]Jdx*dx’,  as its boundary. In the classical gravity limit, the CFT gen-
(2.13  erating functional can then be obtained by solving the IIB
A supergravity field equations, to find the bulk metgahat
wherevy,,, is the metric on the unig* and 6,, is transverse matches onto the boundary methicand adding a number of
and traceless with respect to the four sphere. counterterms that depend on the geometry of the boundary,
In order to evaluate the no boundary path integral, wen order to render the action finite as the boundary is moved
must first compute the quantum effective actwhB,h] on  off to infinity. To second order in the perturbatidn the
the background2.13. The effective action of the matter quantum effective actioincluding theR? counterterm is
fields is computed as an expansion around the homogeneogien by
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W=WO+WH+ W+ (2.16 , N°G 22
rs—ﬁ. ( . :D
where
_ 3BN20, 3aN2Q, 3N%Q, By slicing the four sphere at thg equa}sp# /2 and writ.ing
w0 = _ (4log2—1), x=(m/2)—it, it analytically continues into the Lorentzian to
8’ 4m? 3272 the de Sitter solution mentioned above, with the cosmologi-
(217 cal constant provided by the trace anomaly of the laxge
) Yang-Mills theory.
- 3N = Other compact, real instanton solutions of the form
W= f d*x v, 2.1 !
Tom2r2 Y (2.18
d?=d7?+b?(7)dQ3 (2.22
w@ = _ 3N? d4 \/T V24 2)— @44_4%2 . . . . . .
T 4Am?rt XNy Y= ay( Y] were found in[22], by numerically integrating the Einstein

equations, which can be obtained directly from the trace

N2 _ 2 anomaly by using energy-momentum conservation. Imposing
t— > ( f d*x’ \/;0“”(x’)H§fV)(x’) regularity at the North Polét r=0) of the instanton leaves
256mr™ p only the third derivative of the scale factor at the North Pole
X[W(p)—4ap(p+3)], as an adjustable parameter. It is convenient to define dimen-

sionless variables= 7/r¢ and f(7)=b(7)/rs. For <0,
wherep labels the eigenvalues of the Laplaciid on the there exists a second regular, compact ‘double bubble’ in-
round four sphere and stanton, withf”(0)= —2.05, together with a one-parameter
family of instantons with an irregular South Pole. For
Y(p)=p(p+1)(p+2)(p+3)[4(p/2+5/2)+ (p/2+2) f”(0)< —1, the scale factor of the latter has two peaks. For
—1<f"(0)<0 on the other hand, they are similar to the
—¥(2)=y(1)]+p*+2p*~5p°~10p—6 singular Hawking-Turok instantons that have been consid-
+28p(p+1)(p+2)(p+3), (2.19  ered in the context of scalar field inflati¢@5].

The Lorentzian part of the real tunneling saddle points is
and we have allowed for a finite contribution, with coeffi- obtained by analytically continuing the instanton metric
cient B, of the third counterterm, which is necessary to can-across a hypersurface of vanishing extrinsic curvature. The
cel a logarithmic divergence of the tensor perturbation. In-double bubble instanton can be continued across its “equa-

serting the expression fal in Eq. (2.14 and evaluating the tor” to give a closed FLRW universe, or into an open uni-

terms depending on the scale factefy), one obtains the Verse by a double continuation across the South Pole. Our
quantum effective action of the Yang-Mills theory on a gen_numerical studies show that the closed universe rapidly col-
eral, perturbed FLRW geometry. For completeness, we alstPses and that the open spacetime hyper-inflates, with the

give the Einstein-Hilbert action of the perturbed four sphereScale factor enlarging up at a finite time. Similarly, the sin-
gular instantons can be continued into an open FLRW uni-

3Q0,r? 3 4 \/r verse acrossr=0, by setting =it and Q;=i¢. For
d™x Ny f”(0)<—1 this again gives hyper-inflation, but for 1
<f"(0)<0 one obtains a realistic inflationary universe. The

SEH= T 406 244G

1 o [~[3 =, four sphere solution as well as the singular instantons that
+ 2f dy S UVTY+26470,, are small perturbations d&* at the regular pole are most
167wGr . ) . . .
interesting for cosmology, since they yield long periods of
1 - inflation.
- 9’”V29,w)- (2.20 Using the expression®.14 and(2.17) for W a(x)] and

the relations
We shall use these results in Sec. Ill, where we discuss the

instability of anomaly-induced inflation. But first, we return rdr

to the background evolution. In the next paragraph we dis- x(7)=2limtan™* tar(e/2)exp< f —,”

cuss a class 0D(4) invariant “real tunneling” instanton €0 eb(7")

solutions of the Starobinsky mod&.9) and study their role (2.23
in the no boundary path integral for the wave function of an b(7)

inflationary universe. B(7)= SNy’

C. Real tunneling geometries one can numerically compute the action of the real tunneling

It is easily seen that the total action is stationary under aljeometrie$26]. On an unperturbed FLRW background, con-
perturbationsh,,, if the background is a round four sphere formal to the round four sphere, the total Euclidean action
with radius becomes
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3N2Q), 1 hyper-inflating universe emerging from the double bubble
SO= f dy sin3X[—[12(Iog 2+0—B)—3+60'2 instanton, or a nearly empty open universe that occurs by
327 3 : : R ) .
semiclassical tunneling via a singular instanton vith(0)|
—o'*—40"3coty]—e?7(o'?+2)+2a(o” small.

The situation is similar in many theories of scalar field
inflation. Restricting attention to real tunneling geometries, a
(2.24 bottom up interpretation of the no boundary proposal gener-
ally favors the creation of large spacetimes. One typically
whereo=log(B/r). On the round four sphere;—0, so the obtains a probability distribution that is peaked around in-
action reduces to stantons in which the field at the surface of continuation is
near the minimum of its potential, yielding very little infla-
3N2Q), tion. Hence, the most probable universes are nearly empty
s0= 5 [8a—3+4(log2—-p)]. (2.259  open universes or collapsing closed universes, depending on
32m the analytic continuation one considers. Weak anthropic ar-
guments have been invoked to try to rescue the situgfibh
by weighing thea priori no boundary probability with the
robability of the formation of galaxies. However, for the
ost natural inflaton potentials, this still predicts a value of
(]QO that is far too low to be compatible with observations.
Another attemp{27], based on introducing a volume factor

+30'coty+o'%—2)?

We find that for alla<<O the regular double bubble in-
stanton has much lower action than the four sphere. Th
singular double bubble instantons have divergent action, b
the Hawking-Turok-type instantons have finite actioRor
given «a, the action of the latter class depends on the thir

derivative of the scale factor at=0. This is the analogue of that ts th ecti o th bset of stat
the situation in scalar field inflation, where the action of the at represents | N pbrOjec |on| or:jo € su sle_ (f)I states Cﬁn'
Hawking-Turok instantons depends on the value of the inflal"INg @ particular observer, leads to eternal inflation at the

ton field at the North Pole. The action of the singular instan12nck density, where the theory breaks down. In fact, invok-

tons tends smoothly to th®* action (2.25 as f”(0)— —1 ing conditional probabilities is_contrgry to the vyhole idea of
and it decreases monotonically with increasffg0). the no boundary prgposal, which by itself specifies the quan-
To summarize, we found a one-parameter family of finite-tum state of the universe.
action, compact solutions of the Euclidean field equations Clearly the predictions of a bottom up interpretation of
that can be analytically continued across a spacelike surfadg€ no boundary proposal do not agree with observation. This
3 of vanishing curvature, to Lorentzian geometries that deis because it is an essentially classical interpretation, which is
scribe realistic inflationary universes. The condition Bn  neither relevant nor correct for cosmology. The quantum ori-
guarantees that a real solution of the Euclidean field equagin of the universe implies its quantum state is given by a
tions is continued to a real Lorentzian spacetime. The Euclidpath integral. Therefore, one must adopt a quantum approach
ean region is essential, since there is no way to round off & the problem of initial conditions, in which one considers
Lorentzian geometry without introducing a boundary. Whatthe no boundary path integré.8) for a given quantum state
is the relevance then, in the context of the no boundary proef the universe. We shall apply such a quantum approach in
posal, of these real tunneling geometries with regard to thgec. 1V, to describe the origin of an inflationary universe, in
problem of initial conditions in cosmology? theories like trace anomaly inflation. It turns out that the
At least at the semiclassical level, the no boundary prorejevant saddle points are not exactly real tunneling geom-
posal gives a measure on the space of initial conditions fogtries. Instead, one must consider complex saddle points, in

cosmology. The weight of each classical trajectory iS apyyhich the geometry becomes gradually Lorentzian at late
proximately | ¥|2~e~ 2R, where Sy, is the real part of the .

Euclidean action of the solution. For real tunneling solutions

this comes entirely from the part of the manifold on which

the geometry is Riemannian. The simplicity of this situation

has led to the interpretation of the no boundary proposal as g!l- INSTABILITY OF ANOMALY-INDUCED INFLATION
bottom up theory of initial conditions. In particular, it has A. Metric perturbations

been argued that if a given theory allows different instantons, . : . .
the no boundary proposal predicts our universe to be created Two-pomt functions of metric perturbatl_ons can be com-
through the lowest-action solution, since this would give thePUted directly from the no boundary path integral. One per-
dominant contribution to the path integral. Applying this in- Urbatively evaluates the path integral around @) in-
terpretation to trace anomaly driven inflation, one must conYariant instanton background to obtain the real-space

clude that the no boundary proposal predicts the creation of Euclidean correlator, which is then analytically continued
into the Lorentzian universe, where it describes the quantum

fluctuations of the graviton field in the primordial de Sitter

3For completeness, we should mention thati0 one must have Phase[28,29. The quantum state of the Lorentzian fluctua-

f”(0)<-1 in order for the solution to be compact. Fgt(0)< tions is uniquely determined by the condition of regularity on

—1, the instantons have a singular South Pole but finite action, anthe instantor{22]. Both scalar and tensor perturbations are
continue hyper-inflating open universes. given by a path integral of the form
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are assumingr<0, we havem?<0 so this particle is a
<hW(X)hM'V'(X')>NJ dlhlexp(—S@)h,, ()N, (x), tachyon, which is the perturbative manifestation of the Star-
(3.1 obinsky instability. Makinga more negative makes the
tachyon mass squared less negative, and therefore weakens
where S?) denotes the second order perturbation of the acthe instability. Indeed, the number of e-foldings in the pri-
tion mordial de Sitter phase emerging from the four sphere in-
5 stanton is given byNgioqs~ 12 @|(logN—1). Therefore, in
S=Sgn+Segut Szt W, (32 the interesting regime, we havem?<mj,, so semiclassical
_ gravity should be a good approximation.
with W given by Eq.(2.16). For the scalars, eliminating the  This result sheds light on the problem of initial conditions
remaining gauge freedom introduces Faddeev-Popov ghosig. trace anomaly inflation. One can think of the non-

These ghosts supply a determinaﬁ’tz&4)*l, which can- derivative term in the scalar correlator as a potentigl),
cels a similar factor in the scalar action, rendering it secondvith the unperturbed de Sitter solution#t0 at the maxi-
order* The action for the tensorg,, , on the other hand, is mum. If |a| is not too small, then the top of the potential is
non-local and fourth order. Nevertheless, the metric pertursufficiently flat, so that the lowest-action regular instanton is
bation and its first derivative should not be regarded as tw@& homogeneous Hawking-Moss instan{at), with ¢ con-
independent variables, since this would lead to meaninglesyiant at the top. Since the instability of the de Sitter phase is
probability distributions in the Lorentziaf80]. Instead the ~characterized entirely by the coefficiemtof the R? counter-
path integral should be taken over the fieldls, only® to  term, this means the problem of initial conditions in
compute correlators of the for8.1). The Euclidean action anomaly-induced inflation is similar to the corresponding
for 6, is positive definite, so the path integral over @, problem in many theories of scalar field inflation, where one
converges and determines a well-defined Euclidean quantut/ght to explain why the inflaton starts initially at the top of
field theory[31]. One might worry that the higher derivatives the hill. We study the origin of these inflationary universes in
would lead to instabilities in the Lorentzian. This is not the Sec. IV. Before doing so, however, we comment on the ho-
case, however, since the no boundary prescription to coninogeneous mode in the scalar spectrum, which has given
pute Lorentzian propagators by Wick rotation from the Eu-fise to some controversy in the literature.
clidean, implicitly imposes the final boundary condition that
the fields remain bounded, which eliminates the runaways B. Homogeneous fluctuations
[22,30.

The path integral(3.1) is Gaussian, so the correlation
functions can be read off from the perturbed action, Eqs
(2.19 and (2.20:

The most interesting instantons in both trace anomaly
driven inflation as well as most theories of scalar field infla-
tion possess a homogeneous fluctuation mode which de-
creases their actiof22,32. The presence of such a negative

30724 mode is the perturbative manifestation of the conformal fac-
(W) P(x')) = 77 rS(_%Z_'_l/za)fl (3.3 tor problem. Indeed, since the conformal factor problem is
3|a|N2 ’ closely related to the instability of gravity under gravitational
collapse, one expects instantons that are appealing from a
and cosmological perspective to possess a negative mode.
) Writing the scalar propagat@B.3) on the four sphere in-
(0,,(X) 0,0, (X)) stanton in momentum space gives
«© (p) ’ ©
_128r%rg Wity (X:X") (P(X)h(x")) B2mts 5 WOLuO)] (3.5
= , X) (X)) = ) .
N?2  p=2 p>+3p+6+V(p)—4ap(p+3) v 3[a|N2 #50 p(p+3)+m?
(3.9

where the biscalat/® equals the usual sum over degenerate
where the bite”SOWLpV)M'V'(X'X/) is defined as the usual Scalar harmonics on the four sphere with eigenvalye-
sum over degenerate rank-2 harmonics on the four sphereP(P+3) of the Laplacian. . o
and ¥ (p) is given by Eq.(2.19. There are many negative modes-ifl/8<a<0. This is
The scalar two-point functiof.3) is just the propagator Usually the perturbative indication of the existence of a
of a particle with physical massi?=(2ar?) 1. Since we lower-action instanton solution. For instance, in scalar field
s inflation with a double well potential, the Hawking-Moss
instanton possesses several negative modes(ﬁi(;/H2<

“The gauge freedom also leads to closed loops of Faddeev-PopoT/4' Whi(?h is precisely the cond?tiop for the existence of a
ghosts but they can be neglected in the IaXgapproximation. lower-action Coleman-De Luccia instanton that straddles

5This means one loses unitarity. However, probabilities for obserfh€ maximum. On the other hand, &< —1/8 in Eq. (3.5
vations tend towards those of the second order theory, as the coden only the homogeneoup € 0) negative mode remains,
ficients of the fourth order terms in the action tend to zero. HencaVhich is again similar to the well-known negative homoge-
unitarity is restored at the low energies that now occur in the unineous mode of the Hawking-Moss instanton in theories with
verse. a scalar potential that is sufficiently flat.
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The presence of a physical negative mode supports theounterterm and the non-local part of the matter effective
interpretation of an instanton as describing the decay of aaction. We find that at small scales, matter fields dominate
unstable state through semiclassical tunnelig On the the tensor propagator and make it decay ljkdogp. In
other hand, it has been argued that it questions its use in th&her words, the CFT appears to give spacetime a rigidity on
no boundary path integral to define the initial quantum statgmall scales, an example of how quantum loops of matter
of the univers®[32]. Within the semiclassical approxima- can change gravity at short distances. In fact, this suppres-
tion, however, it is more appropriate to project out the negasjon should occur even if inflation is not driven by the trace
tive mode, since the semiclassical approach is based on thg,,maly since we observe a large number of matter fields
assumptionthat the path integral can be expanded aroundyn,se effective action is expected to dominate the propaga-
solutions of the classical field equations. tor on small scales.

The conclusions of32] are ba.SEd on a perturbation cal Secondly, both the higher derivative counterterms and the
culation around compact, real instanton backgrounds that ' . . . N .
. . . matter fields introduce anisotropic stress, which is an impor-

does not take in account the wave function of interest. On

expects, however, the configuration specifying the quantu ?onrtn (gggg?:Cgsmlthtﬁg?éirsﬂeld ilr?ttl)agosréa;;?Isa%?jnt:rfscs)reen
state of the Lorentzian universe to project out the negativ posing Of3, P

mode from the perturbation spectrum. Consider, for example;] underO(4). Theformer is the difference between the wo

the wave function of a universe described by a 3-sphere witrff()te.r't'alS in the N_evvtonlan gauge and corresponds to aniso-
radius R2=V,/3 and field $=0 in a theory of gravity tropic stress. Typically reheatmg. at the er_ld of anomaly-
coupled to a gingle scalar field with potentiaj(1— ¢2)2. In induced inflation leads to the creation of particles that are not

the semiclassical approximation, this is given by half of ain thermal equilibrium with the photon-baryon fluid, so one

Hawking-Moss instanton with the field constant at the top Ofgxpects some anisotropic st'ress to survive during the radia-
tion era. To make more precise predictions, however, a better

the potential. Obviously, this solution has no negative mode, o ; X
sincg the boundary cor{dition on the 3-sph§reen?oves the tnderstanding is required of tprobably time-dependent

lowest eigenvalue solution of the Scdinger equation for values of the coefficienta and § of the higher derivative

the perturbations. Since the negative mode corresponds tocgunterterms in the theory.

homogeneous fluctuation, this is probably true also for IargT Fln_ally, we s_hou_ld mention that f(_)r th? tensor propagator
ge higher derivative terms also give rise to poles in the

3-spheres in the Lorentzian regime. Therefore, one expecte e b plane. These are harmless. however. since the
that in the top down approach to cosmology, where the quan: piexp p : ’ ’

tum state of the universe is taken in account, the negativgomOur obtained from the Euchdea}n.goes around the com-
mode is automatically projected out plex poles[22]. In other words, defining our theory in the

Euclidean implicitly removes the instabilities associated with
the complex poles, like a final boundary condition removes
the runaway solution of the classical radiation reaction force
Before discussing the top down approach in more detail[30].
we pause to briefly comment on some of the characteristic
predictions for observations of trace anomaly inflation. To IV. ORIGIN OF INFLATION
extract accurate predictions for the cosmic microwave o
anisotropies, one must evolve the perturbations through the We have seen that the predictions of the bottom up ap-
Starobinsky instability to obtain initial conditions for the in- Proach to the problem of initial conditions in inflation do not
homogeneities during the radiation and matter eras. DetailRgreée with observation. This is because it is based on an
of this calculation will be presented elsewh§sé], but some ~ €ssentially classical picture, in which one assumes some ini-
interesting features of the microwave temperature anisotrdi@l condition for the universe and evolves it forward in time.
pies predicted by anomaly-induced inflation can be extracted N quantum origin of our universe, however, means that its
from the correlatoré3.3) and(3.4) in the primordial de Sitter Wave function is determined by a path integral, in which one
era. Obviously, as can be seen fr¢8), the quantum mat- SUMS over all po_SS|bIe hlstor_les that lead to a given guantum
ter couples to the tensors. Starobin§R] and Vilenkin[36] state, toggther with some suitable boundary qondmons on t.he
assumed that the amplitude of primordial gravity waves wa®aths. This naturally leads to a top down view of the uni-
not significantly altered by the quantum matter loops. This/€rse. In atop down context, rather than comparing the rela-
assumption can now be examined using AdS/CFT, which halive probabilities of different semiclassical geometries, one

allowed us to include the effect of the Wejgee footnote 2 Iootks for the most probable evolution that leads to a certain
outcome.

We now apply the quantum top down interpretation of the

SIn scalar field inflation, one can view the singular Hawking- "© Poundary proposal to study the origin of an inflationary
Turok instantons as constrained instantons, with additional dat¥NiVerse, in theories where the instability of the inflationary
specified on an internal boundary. For some theories, the constraifflase can be described in terms of a single scalar field with
introduced in[33] to resolve the singularity also removes the nega-an effective potential that has a local maximum. As shown in
tive mode, at least perturbative]$2]. However, it does not remove Se€c. llI, this includes trace anomaly driven inflation, since
the instability non-perturbatively and for the most obvious poten-the emergence of an anomaly driven inflationary universe is
tials, the lowest-action constrained instanton gives very little infla-very similar to the creation of an exponentially expanding
tion. universe in theories of new inflation.

C. Quantum matter and the microwave background
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We consider a model consisting of gravity coupled to a ds?=d72+b%(7)dQ32, 4.3
single scalar field with a double well potentd(¢)=A[1
—(C/2)¢?]? (with A,C>0). ForC<2/3, the potential has a and the Euclidean field equations read
maximum at$=0 with V ,,/V sufficiently low so that there "y ,
exists no Coleman—-De Luccia instanton, but only a ==KtV (4.4
Hawking-Moss instanton withp=0 everywhere on top of T
the hill. Implementing a top down approach, we consider the KIAKT==(¢5+V) (4.9

quantum amplitude®[3,h,K, ¢s] for different conformal where¢’'=¢ . andK=23b ,/b. The Lorentzian trac& =

3-geometried with traceK of the second fundamental form, —3a/a is obtained by analytic continuation. We first calcu-
on an expanding surface during inflation/ According to late the wave function for rea{, and then analytically con-
the no boundary proposal, the defining path integral shouldinue to imaginary, or Lorentziarn, = —iK.
be taken over all compact Riemannian geometries that in- At the semiclassical level, there are two contributions to
duce the prescribed configuration &n the given amplitude. For smatps and any EuclidearK,
In the K representation, the Euclidean action is given by there always exists a non-singular, Euclidéx#) invariant
1 1 solution of the field equations, with the prescribed boundary
S=— _f d*x\JgR— _f d3xhK conditions. This solution is part of a deformed sphere, or
2K 3K Hawking-Turok instanton. In the approximatiorkK
=3H cot(H7), with H?=A/3, andV(¢)~A(1—C¢?), the

1
+f d*x\g Egﬂ"aﬂ¢av¢+V(¢) , (4.1  solution of Eq.(4.9) is given by
. . . 3 oF4[3/2+q,3/2—q,2,z2(K)] 4g
The usual wave functionW[h,¢s] is obtained from p= S F[324 .32 q,22(Ks )] (4.9
P[h,K,ds] by an inverse Laplace transform,
where
W[h, ¢s] fd[ < ex;{zfdsx\/ﬁKd)[ﬁK¢]
R T 2. K Ps 1 K
rol4ie] 3K ~\9/416C, 2K)=>|1-————|. (4.
(42) d ’ ( ) 2 (A2+ K2)1/2 ( 7)

where the contoul” runs from—io to +io. At the South PoleK— +9, so in the instanton the scalar

Within the semiclassical approximation, the no boundaryfield slowly rolls up the hill from its value at the regular
wave function is approximately given by the saddle pointSouth Pole to the prescribed valgg on the 3-sphere with
contributions. Restricting attention to saddle-points that aréraceKs . The weight of the Hawking-Turok geometry in the
invariant under the action of a®(4) isometry group, the no boundary path integral for the wave functidnK, ¢x ] is
instanton metric can be written as approximately given by

2 247°C

" A1) $57%(Ks)

K
(A2+ K2)1/2

1 127
S[szﬁz]:—ﬁf dsx\/ﬁK—fd“X\/EV(d;):— A

3C\F’
X 1—22(K2)+3C[1—Z(K2)](Z(K2)+ —)F[(Z(Kz)]

173C . 4.9

For small¢s there is a second semiclassical contributionscribed valuegs at the 3-sphere boundary with trasg .
to the wave function, coming from universes that are createtleglecting prefactors, the action of the Hawking-Moss ge-
via an O(5) symmetric Hawking-Moss instanton witth ~ ometry is given by the first term in E¢4.9). It follows that
constant at the top of the hill, but in which a quantum fluc-for Ky =0, the action of the Hawking-Turok geometry is
tuation disturbs the field, causing it to run down to its pre-more negative than the action of the Hawking-Moss instan-
ton. This would seem to suggest that the universe is least
likely to start at the top of the hill. However, we are not
"In principle we should consider the amplitude for a conformaliNtérested in the amplitude for a Euclidean spacetime, but in
3-geometry on a surfac just inside our past light cone, wit  the no boundary wave function of a Lorentzian expanding
equal to the present Hubble rate and given values for all otheHNIVErse.
observables. However, it is sufficient to consider the quantum am- Within the regime in which¢ remains small over the
plitude for a configuration on an expanding surface in the inflation-whole geometry, one can derive the amplitude in the Lorent-
ary period, since this can then be accurately evolved to the futur@ian from our result foS Ky , ¢s ], by analytic continuation
using classical laws. into the complexK plane. In a Lorentzian universe, Euclid-
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Re ds Hawking-Turok evolution corresponds to one of the singular
instantons discussed in Sec. Il. The field configuratiorton
determines the third derivative of the scale factor at the regu-
lar South Pole, or equivalently the initial value of the order
parameterp governing the instability. Foo<<—1/8, the in-
stability of the de Sitter phase is sufficiently weak, so that the
universe is most likely to start at the top, in an unstable de
Sitter state. This result also justifies our calculation of metric
perturbations, which were based on a perturbative expansion
of the path integral about the round four sphere.

FIG. 1. [ 8S] is proportional to the differencAS between the Finally, we should mention that because we are interested
action of the Hawking-Moss- and Hawking-Turok-type geometriesin real matter fields oX,, the analytic continuation into the
discussed in the text. The no boundary proposal predicts an expandomplexK plane meansy must be complex in the bulk of
ing universe to be created in an unstable de Sitter state, by senihe instantorf. More precisely, at the South Pole, we must
classical tunneling via a Hawking-Moss instanton. have J[ ¢ = ¢ I[F(zs) //M[F(zs)]. This has no physical

meaning though, since the stationary phase approximation is
eanK is pure imaginaryK, = —iK. Since the action is in- just a mathematical construction to evaluate the path integral
variant under diffeomorphically related contours in the com-over real.
plex = plane, we may deform the contour into one with
straight sections, along the real and imaginidrgxis. It fol-
lows immediately from Eq(4.8) that the real part of the V. DISCUSSION

action for the Hawking-Moss instanton is constant on the We have studied the problem of initial conditions in cos-

imaginaryK axis, unlike the action for the Hawking-Turok / o
geo?netr)zf According to the no boundary proposalgthe reIa-mOIogy' Because our universe has_a quantum origin one must
tive probability of both geometries is given by ' adopt a top down approach, in which one considers the path

integral over a class of histories that lead to a given quantum

AE'M omiAS state of the universe. A top down view is naturally imple-
P[KL,¢s]= VI [as (4.9  mented in the context of the no boundary proposal, which
HT states that the amplitude for the quantum state of the uni-

verse on a 3-surfacE is given by a path integral over all
eg_eometries that induce the prescribed configuration on their
only boundary3. We have investigated the no boundary
. L . predictions for the quantum cosmological origin of a large
realln }Cl):allgt. ifﬁﬁeplg;f?z[rgﬁf:g)% t\)’\é T\';Qelﬁ F:;Zpgggﬁ)r;agﬁoggfh class of inf_Iationa_lry ur_1iverses. In particular,_ we hgye consid-
) ) ) > ered theories of inflation where the global instability can be
geometries, as a function of Lorentzian=K_/VA"=K{,  gescribed in terms of a single scalar fieddwith an effective
with A=1 andC=1/3. This shows that the real part of the qential that has a sufficiently flat local maximum. This in-
action for the Hawking-Turok geometry increases on theg)ydes Starobinsky’s trace anomaly model since the nature of
imaginary axis away fronK=0 and soon becomes larger e injtial instability in anomaly-induced inflation is the same
than theO(5) action. In addition, within our approximation 4 the instability that occurs in new inflation. Trace anomaly
¢ enters only in the prefactor @fS. Therefore, the domi-  gyiyen inflation has a sound motivation in fundamental par-
nant contribution to the no boundary path integral for ajcle physics, since we observe a large number of matter
Lorentzian inflating universe comes from spacetimes whiclje|gs in the universe, which may be expected to behave like
are created by semiclassical tunneling via a Hawking-Mosg, CFT in the early universe. The no boundary proposal pre-
instanton and which inflate for a long time before a quantunyjcts an inflationary universe to be created in an unstable de
fluctuation causes the field to roll down to its final valbie. Sitter state, by semiclassical tunneling via a Hawking-Moss
This means that in an inflationary universe, the scalar field ignstanton. The universe first inflates before a quantum fluc-
more likely to start at the top of the hill and roll down than to ation causes the field to roll down and inflation to end.
start Iovyer down. The reason is th_at although b_eing at the topygvided—4<V ¢¢/H2<0, the maximum of the potential
of the hill costs potential energy, it saves gradient energy bys syficiently flat, so that this geometry has lower action than
having a scalar field that is constant in space and time. If the
maximum of the potential is fairly flat, the gradient energy is
dominant, and the universe starts with a constant scalar at the‘Complex instanton solutions have previously been considered in

top of the hill. Therefore, one does not need an initial hot Big;37) physical constraints on complex contours of 4-geometries in
Bang phase to explain why inflation began at a local maxiyhe no boundary path integral were discusse@2ii. In this con-
mum of the potential. text, we should mention that in the absence of an extension of

As mentioned above, this scenario is realized in traceishop’s theorem to complex geometries it is not entirely clear
anomaly driven inflation. The unperturbed de Sitter solutionyhether theO(4) invariant geometries considered here are in fact
(2.21) in anomaly-induced inflation emerges from the the lowest-action saddle points that contribute to the wave function
Hawking-Moss geometry, while the inhomogeneousof interest.

where AS=S,—Syt. The prefactors account for small
fluctuations around the classical solutions and can be n
glected for smallp.
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an inhomogeneous Hawking-Turok-type evolution. We have argued that because our universe has a quantum
One could think of the no boundary proposal as describerigin, one must adopt a top down approach to the problem
ing the creation of universes with different radii, like the of initial conditions in cosmology, in which the histories that
formation of bubbles of steam. If the bubbles are small, theycontribute to the path integral depend on the observable be-
collapse again, but there is a critical size above which theyng measured. There is an amplitude for empty flat space, but
are more likely to grow. In theories where the amplitude forit is not of much significance. Similarly, the other bubbles in
an expanding universe is dominated by geometries that staain eternally inflating spacetime are irrelevant. They are to the
in a de Sitter state, this naturally leads to the interpretation ofuture of our past light cone, so they do not contribute to the
the round Hawking-Moss instanton on top of the hill as cor-action for observables and should be excised by Ockham’s
responding to that critical size. razor. Therefore, the top down approach is a mathematical
Correlators of observables on a spacelike hypersuface formulation of the weak anthropic principle. Instead of start-
should be computed directly from the no boundary path ining with a universe and asking what a typical observer would
tegral, by summing over histories to the past of that surfacesee, one specifies the amplitude of interest. In the context of
In the semiclassical approximation, the dominant instantothe no boundary proposal, however, a top down description
saddle-point solution should be used as background in a peof the universe is not necessarily less “complete” or less
turbative evaluation of the no boundary path integral, to findpredictive. We believe that if we are to explain why the uni-
correlators of metric perturbations during inflation. There-verse is the way we observe it to be, a top down view is
fore, our result justifies the perturbation calculations perforced upon us by the quantum nature of the universe. There-
formed in Sec. lll and if22], in which we computed Eu- fore, although future developments in M theory will provide
clidean propagators assuming a four sphere instantons with new insights in how a theory of boundary conditions
background. Evolving the spectrum of primordial perturba-in cosmology should be formulated, the approach developed
tions through the Starobinsky instability determines the coshere should still apply when the framework of quantum cos-
mic microwave anisotropies. Hence the boundary conditiormology will be based on M-Theory.
on the fluctuation modes imposed by the instanton back-
ground may provide an observational discriminant between ACKNOWLEDGMENTS
different saddle points, hereby connecting quantum cosmol-
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